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oo
Let the power series | a,,z" have the
n=0

radius of convergence R > 0. Let

@

= E a,r" = ayg+ aix

+asz® +..., |z| < R.

Then for |z| < R the function

o0

f(x) = )_ a,z™is continuous. The power
n=0

series can be differentiated term-by-term

inside the interval of convergence. The
derivative of the power series exists and is

given by the formula

d d
/
f'(z) = T 0 T
d
o Eagw + .

= a; + 2asx + 3azz? + ...

00

_ n—1

= E na,xr
n=1
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The power series can be also integrated
term-by-term on an interval lying inside the
interval of convergence. Hence, if

—R < b < z < R, the following expression

is valid:

T T

b/ f(t)dt = / agdt + f a,tdt

b b
T

-I—/athdt—l—...—l—/ant”dt—l—...
b b

If the series is integrated on the interval

[0, ] , we can write:

/ £ (1) dt = / sl / il
0 0 0

+/a2t2dt+...+/ant”dt+...
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Example 1.

Show that

for || < 1.

Solution.

First we consider the power series:

14t 22422 4...

This is a geometric series with ratio z.
Therefore, it converges for |z| < 1. The sum

of the series is %m . Substituting —z for z,

we have
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1
= for |xz| < 1.
14+ x
Thus,
1
=1—2+ 2% -3+ 2 —
1+ 2

6.0
= Z (=1)"2" for |z| < 1.

=
|
o
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Example 2.

Find a power series for the rational

fraction - .
2—x

Solution.

We can write this function as

1
1 2

_ x "
2—x 1_E

As you can see, this is the sum of the infinite

geometric series with the first term L and

.
. &r
ratlog.
1+1m+1(m)2+1(m)3+
2 2 2 2 \2 2 %2
1+$+$2+$3+
2 92 93 o
o0 mn
:;21@4—1

The given power series converges for

] & 2.
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Example 3.

6T
brl—4x—1"

Find a power series for

Solution.

First we find the partial fraction
decomposition for this function. The
quadratic function in the denominator can
be written as 5% — 4z — 1

= (bx+ 1) (x — 1), so we can set:

6x A B

S5x2 —4x — 1 B br +1 2 p—1

Multiply both sides of the expression by
522 —4x — 1 = (52 + 1) (z — 1) to obtain

6z=A(z—1)+ B((bz +1),
= 6x = Ax — A+ 5Bx + B,
= 6x=(A+5B)z+ (—A+ B),
A+5B=6
{—A+B_0'
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The solution of this system of equations is
A =1, B = 1. Hence, the partial

decomposition of the given function is

6x B 1 " T
5x2 —4x —1 bz +1 z—1

1 1

1+ 5z 1—z

_—

Both fractions are the sums of the infinite

geometric series:

11
1+5z 1— (—5x)
=1—5z+ (=5z)* + (—5z)° + ...

3 (~5a)"
n=>0

1

=14+az+z224+2%+...

— &

o0
Z .
n=0

1
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Hence, the power series expansion of the

initial function is

Fx2 —dz —1 nz:( )’ ;mn
- i [(—5:1:)”’ — 33”]
n=0
=) [(-5)"—1] 2"
n=0
Example 4.

Find a power series representation for

the function In(1 + z), |z| < 1.

Solution.

In Example 1 we found the power series

expansion

1
1+ 2z

o0
Y} (-1)"z", |z| < 1.

=1 e Jom® —g® Yo
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Integrating this series term-by-term on the

interval [0, | , we find that

T

dt
In(1 = | ——
n(l+ x) =1
0
=/(1—t+t2 rep )
0
2 3 ozt
B T T
i (_1)n$n—|—1 i (_1)n+1$n
n=0 & 1 n=1I B
Example 5.
z In(1+t)

Represent the integral [ r dt as a
0

pOwer series expansion.
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Solution.

In the previous problem (Example 4) we
have found the power series expansion for

logarithmic function:

00 (_l)n-]—ltn
In(l +1t) =
n(1+ ¢) ; -
t2 3 ¢4
=t—2 | 3 2 vasg [0 2 L
Then we can write:
In(l+¢) & (=1)"Hn-1
:; _n§=:1 n
t 2
=1l—=4+—=——-—+4..
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Integrating this series term-by-term on the

interval [0, z] , we obtain

mlnl—l—t
/ ( )dt
t
0
m 1 : | & v dt
0
2 3 x4
=T — | — |
2 2 33 4.4
oo [ ?’1+1 T
=1
Example 6.

Obtain a power series representation for

the exponential function e®.
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Solution.

Consider the series

0 pn $2
f(m):Zle‘l‘ﬂ?—l——'
n=0
3
| 3! I ’

that converges for all z.

Differentiating it term-by-term, we have

d d d x?

!
= 1 4
= R R RS
| d ;1}3 l _0 ]_l | 3:2 ]
! dz 3! i =0+ &L ol i
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Hence, the function f () satisfies the
differential equation f’ = f. The general
solution of this equation has the form
f(x) = ce®, where c is a constant.
Substituting the initial value f (0) = 1, we
find that ¢ = 1. Thus, we obtain the

following power series expansion for e* :

2

ot T

P < 1 P— W v
A= _ZD R T
=

3
| |
I I".

3!

Example 7.

Find a power series expansion for the

hyperbolic sine function sinh z.
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In the previous example we obtained the

formula
X0 pn .’L'2 $3
T — p—
e _Z = 1+ + gy g e
neef)
Substituting —x for x, we get
2w S
_— B
€= Z n! o Z n!
n=0 n=0
x2 3
=1 —8+ . ? T

Then the expansion for the hyperbolic sine

function has the form:

n=0
= —a)"
- Z 1
n=0 L

— |1+
2 !
2 x3
—_ (l—ﬂl—l-g—ﬁ—l-...)“
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|

|

m2n—|—1

Tt T T L G

n=0
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